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Abstrat
In the framework of a mass formula proposed previously (transforming in a spei way
three free parameters into three masses), a simple empirial sum rule for three harged-
lepton masses is found, prediting mτ = 1776.9926 MeV, when the experimental values
of me and mµ are used as an input. The experimental value to be ompared with is
mτ = 1776.99
+0.29
−0.26 MeV. This satisfatory sum rule (equivalent to a simple parameter
onstraint in the mass formula) is linear in masses and involves integers as its oeients.
The author believes that suh a simple and preise mass sum rule for harged leptons
may help in the proess of developing realisti models for mass spetra of fundamental
fermions. In the seond part of the paper, another equivalent parametrization of the
harged-lepton mass formula is desribed, orresponding to an osillatory piture of their
mass matrix, where two matries appear playing the role of annihilation and reation
operators in the generation spae.
PACS numbers: 12.15.Ff , 12.90.+b .
November 2006
∗
Work supported in part by the Polish Ministry of Siene and Eduation, grant 1 PO3B 099 29
(2005-2007).
1. Introdution
Some time ago we have proposed for harged leptons e, µ, τ the following empirial
mass formula [1℄:
mli = µ ρi
(
N2i +
ε− 1
N2i
− ξ
)
(li = e, µ, τ , i = 1, 2, 3) (1)
or expliitly:
me =
µ
29
(ε− ξ) ,
mµ =
µ
29
4
(
80 + ε
9
− ξ
)
,
mτ =
µ
29
24
(
624 + ε
25
− ξ
)
, (2)
where
Ni = 1 , 3 , 5 , ρi =
1
29
,
4
29
,
24
29
(i = 1, 2, 3) (3)
(
∑
i ρi = 1). The frations ρi have been alled generation-weighting fators. Here, µ, ε and
ξ are free parameters determined preisely from the harged-lepton experimental masses
me, mµ and mτ [2℄ or vie versa. Thus, the mass formula (1) or (2) is a spei trans-
formation of three variables into three variables, giving no independent mass preditions,
unless the free parameters are onstrained. To t the free parameters, we an use the
following equations inverse to the mass formulae (2):
µ = 29
25
9216
[
mτ − 6
25
(27mµ − 8me)
]
= 86.0076 MeV ,
ε = 10
mτ − 6125(351mµ − 904me)
mτ − 625(27mµ − 8me)
= 0.174069 ,
ξ = 10
mτ − 6125(351mµ − 136me)
mτ − 625(27mµ − 8me)
= 0.0017706 , (4)
where the experimental masses [2℄ are applied (for mτ its experimental entral value
1776.99 MeV is used). Note that due to Eqs. (4) the parameters µ, µ ε and µ ξ are linear
in masses.
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In the approximation, where the small parameter ξ is put exatly zero i.e., the parame-
ter onstraint ξ = 0 is imposed, we get from the third Eq. (4) the following harged-lepton
mass sum rule:
mτ =
6
125
(351mµ − 136me) = 1776.80 MeV . (5)
This approximate predition for mτ is in a good agreement with the experimental value
mτ = 1776.99
+0.29
−0.26 MeV [2℄. We an also evaluate the parameters µ and ε that in this
approximation beome
µ =
29(9mµ − 4me)
320
= 85.9924 MeV , ε =
320me
9mµ − 4me = 0.172329 . (6)
In Eqs. (5) and (6), only the experimental values of me and mµ [2℄ are used as an input.
2. Satisfatory mass sum rule
It is exiting enough to observe through a diret inspetion of the approximate mass
sum rule (5) that we an easily formulate a simple harged-lepton mass sum rule prediting
perfetly the entral value 1776.99 MeV of experimental mass mτ . In fat, replaing in
Eq. (5) the oeient 136 at the small me by 128, we obtain
mτ =
6
125
(351mµ − 128me) = 1776.9926 MeV , (7)
where the experimental masses me = 0.5109989 MeV and mµ = 105.65837 MeV [2℄ are
used as an input (if, alternatively, 136 were replaed by 129, then mτ would be nearly
equally exellent: 1776.9681 MeV; then, the parameter onstraint (9), ε = 97ξ, would
be substituted by 7ε = 775ξ; see Appendix for a more formal argument for 128). The
predition (7) of mτ is even loser to 1776.99 MeV than the predition mτ = 1776.9689
MeV [3℄ following (as one of two solutions) from the wonderful nonlinear Koide equation
[4℄. Note that Eq. (7) is linear and, like Eq. (5), involves integers as its oeients.
It is not diult to nd out the parameter onstraint equivalent to the satisfatory
mass sum rule (7) i.e., the onstraint to be imposed on the parameters µ, ε and ξ (appear-
ing in the mass formulae (2)) in order to dedue this mass sum rule. A simple alulation
applying Eqs. (2) gives
2
125mτ − 6 (351mµ − 128me) = −48 µ
29
(ε− 97ξ) . (8)
Thus, in the framework of transformation (2), the mass sum rule (7) is equivalent to the
simple parameter onstraint
ε = 97ξ . (9)
From the rst and seond mass formulae (2) we infer that
µ
29
=
(
1− ξ
10
)−1
9mµ − 4me
320
, ε− ξ = 29me
µ
=
(
1− ξ
10
)
320me
9mµ − 4me . (10)
Then, the seond Eq. (10) together with Eq. (9) gives
ξ =
10me
27mµ − 11me = 0.0017948 . (11)
Hene,
ε = 97ξ = 0.1740927 (12)
and
µ =
29me
ε− ξ =
29me
96ξ
= 86.007807 MeV . (13)
Here, we use only the experimental values of me and mµ [2℄ as an input. The present
values of µ, ε and ξ, orresponding to mτ = 1776.9926 MeV, follow also from Eqs. (4) if
mτ = 1776.99 MeV is replaed there by our mτ = 1776.9926 MeV.
3. Osillatory piture
The harged-lepton mass formula (1) or (2) an be presented also in an equivalent
form whih makes use of some dierent parameters A,B and C orresponding to an
osillatory piture, where the harged-lepton mass matrix is built up from two matries
a and a† playing the role of annihilation and reation operators in the three-dimensional
generation spae of e, µ and τ .
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To this end, onsider the following matries ating in the three-dimensional generation
spae of e, µ, τ :
a =

 0 1 00 0 √2
0 0 0

 , a† =

 0 0 01 0 0
0
√
2 0

 . (14)
They satisfy the relations
n ≡ a† a =

 0 0 00 1 0
0 0 2

 , [a , n] = a , [a† , n] = −a† , a a† =

 1 0 00 2 0
0 0 0

 , (15)
and
a2 =

 0 0
√
2
0 0 0
0 0 0

 , a† 2 =

 0 0 00 0 0√
2 0 0

 , a3 = 0, a† 3 = 0 , (16)
though [a , a†] = diag(1,1,-2) 6= 1. Thus, denoting the generation triplet of harged-lepton
elds by
ψ(x) =

 ψe(x)ψµ(x)
ψτ (x)

 = |0> ψe(x) + |1> ψµ(x) + |2> ψτ (x) , (17)
where
|0>=

 10
0

 , |1>=

 01
0

 , |2>=

 00
1

 , (18)
we obtain from Eqs. (14) suh operating relations for a† and a as they ought to be for
reation and annihilation operators within the harged-lepton generation triplet:
a†|0>= |1> , a†|1>=
√
2|2> , a†|2>= 0 (19)
and
a|2>=
√
2|1> , a|1>= |0> , a|0>= 0 . (20)
Here, the numbers ni = 0, 1, 2 labelling the kets |ni> (i = 1, 2, 3) are eigenvalues of the
formal oupation-number operator n ≡ a†a so, n |ni>= ni |ni> . They may be used to
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label three generations of harged leptons in plae of the indies i = 1, 2, 3. Note that the
matrix
N ≡ 1+ 2n =

 1 0 00 3 0
0 0 5


(21)
has the eigenvalues Ni = 1, 3, 5.
Now, we will demonstrate that the harged-lepton mass formula (1) or (2) is equivalent
to the onjeture that the harged-lepton mass matrix in the avor representation,
M =

 me 0 00 mµ 0
0 0 mτ

 , (22)
an be built up from the operators a and a† (Eqs. (14)) as follows:

 me 0 00 mµ 0
0 0 mτ

 = ρ1/2 (Aa† a +B aa† + C 1) ρ1/2
=
1
29

 B + C 0 00 4A+ 8B + 4C 0
0 0 48A+ 24C

 , (23)
where A,B and C are massdimensional free parameters, while
ρ =

 ρ1 0 00 ρ2 0
0 0 ρ3


(24)
with ρi as given in Eq. (3) (Trρ =
∑
i ρi = 1). The onjeture (23) an be readily
rewritten as
me =
1
29
(B + C) ,
mµ =
1
29
4 (A+ 2B + C) ,
mτ =
1
29
24 (2A+ C) . (25)
The above statement of equivalene is true, beause  similarly as the mass formulae
(2)  the new mass formulae (25) determine there three free parameters A,B and C
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in terms of three masses me, mµ and mτ or vie versa (there are no independent mass
preditions, unless the new free parameters are onstrained). Solving Eqs. (25) with
respet to their free parameters, we get
1
29
A =
1
72
(mτ + 6mµ − 48me) = 33.144615 MeV ,
1
29
B =
1
72
(−mτ + 12mµ − 24me) = −7.2410213 MeV ,
1
29
C =
1
72
(mτ − 12mµ + 96me) = 7.7520202 MeV , (26)
where the experimental values of me, mµ and mτ [2℄ are used (for mτ its entral value
1776.99 MeV is applied).
Making use of the rst Eq. (4) and the mass formulae (25), we obtain
9216
25
µ
29
= mτ − 6
25
(27mµ − 8me) = 24
25
1
29
(23A− 52B) (27)
and hene,
µ =
23A− 52B
384
= 86.0076 MeV . (28)
With the use of the third Eq. (4) and the mass formulae (25) we get
ξ = −2 101A+ 668B + 192C
23A− 52B = −
101A+ 668B + 192C
192µ
= 0.0017706 . (29)
Finally, the use of the rst mass formula (2) and the rst mass formula (25) gives
ε = ξ +
29me
µ
= ξ +
B + C
µ
= −101A+ 476B
192µ
= 0.174069 . (30)
The relation (30) follows also from the seond Eq. (4) and the mass formulae (25).
Here, the gures for µ, ε and ξ, idential with those given in Eqs. (4), orrespond to the
experimental entral value 1776.99 MeV used for mτ (in Eqs. (28), (29) and (30), the
values (26) of A,B and C are applied).
In the approximation, where the parameter onstraint ξ = 0 is imposed (implying the
approximate harged-lepton mass sum rule (5)), the equivalent approximate parameter
onstraint for A,B and C :
6
101A+ 668B + 192C = 0 (31)
follows from Eq. (29).
In the ase of satisfatory harged-lepton mass sum rule (7), where the parameter
onstraint ε = 97ξ is imposed, we an also nd the equivalent parameter onstraint for
A,B and C by applying the mass formulae (25). Then,
125mτ − 6 (351mµ − 128me) = −24 1
29
(101A+ 670B + 194C) . (32)
Thus, in the framework of transformation (25), the mass sum rule (7) is equivalent to the
parameter onstraint for A,B and C:
101A+ 670B + 194C = 0 (33)
that in turn is equivalent also to the parameter onstraint (9) for µ, ε and ξ: ε = 97ξ.
The last equivalene is readily seen from Eqs. (30) and (29) giving
ε− 97ξ = − 1
2µ
(101A+ 670B + 194C) . (34)
This relation follows also from Eqs. (8) and (31).
4. Conlusions
In onlusion, the empirial harged-lepton mass matrix in the avor representation
has been presented in two equivalent forms:

 me 0 00 mµ 0
0 0 mτ

 = µρ
(
N2 +
ε− 1
N2
− ξ
)
= ρ
(
Aa† a +B aa† + C 1
)
, (35)
where µ, ε, ξ and A,B,C are free parameters, and
ρ =
1
29

 1 0 00 4 0
0 0 24

 , N ≡ 1+ 2n =

 1 0 00 3 0
0 0 5

 ,
n ≡ a†a =

 0 0 00 1 0
0 0 2

 , a a† =

 1 0 00 2 0
0 0 0


(36)
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(Trρ = 1), the matries a and a† (Eqs. 14) playing the role of annihilation and reation
operators in the three-dimensional generation spae of e, µ, τ . Two forms (35) give two
equivalent mass formulae (2) and (25).The bilinear appearane of the operators a and a†
in the mass matrix (35) may suggest the interpretation of harged-lepton dierenes as
quantum exitations of their dynamial mass matrix.
Our ruial result here is the disovery of a simple mass sum rule (Eq. (7)) that
reprodues perfetly the experimental value of mτ through the input of experimental
masses me and mµ. In the framework of two equivalent mass formulae  being, in fat,
spei transformations between three masses and three free parameters (Eqs. (2) and
(25))  this satisfatory mass sum rule is equivalent both to a simple onstraint for µ, ε, ξ
(Eq. (9)) and a little more ompliated onstraint for A,B,C (Eq. (33)).
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Appendix
Formal argument for 128
Our derivation of the satisfatory mass sum rule (7) may be desribed more formally as
identifying in the struture of the mass formula for harged leptons a tiny ombination of
parameters whih, if assumed to be exatly zero, gives a parameter onstraint equivalent
to our satisfatory mass sum rule.
To this end, notie two relations following from Eqs. (4) that turn out to be important
for harged leptons:
mτ − 6125(351mµ − 128me)
mτ − 625(27mµ − 8me)
= −ε− 97ξ
960
(A1)
and
mτ − 6125(351mµ − 129me)
mτ − 625(27mµ − 8me)
= −7ε− 775ξ
7680
. (A2)
Their rhs's evaluated with the use of the tted parameter values (4) are both really small
in magnitude:
ε− 97ξ
960
= 2.4175× 10−6 (A3)
and
7ε− 775ξ
7680
= −2.0017× 10−5 . (A4)
Thus, also the lhs's of relations (A1) and (A2) are really small in magnitude. The mag-
nitude smaller by one order is got by the lhs of relation (A1). Assumed to be exatly
zero, it gives the satisfatory mass sum rule (7) whih turns out to be equivalent to the
parameter onstraint (9).
A frational number lying between 128 and 129 for whih the alulated mass mτ
is exatly equal to its (atually valid) experimental entral value 1776.99 MeV is not
espeially interesting from our point of view restrited to integers replaing 136 at me,
when the approximate mass sum rule (5) is being improved. At any rate, note that it is
lose to 128:
351mµ − 1256 1776.99 MeV
me
= 128.108 . (A5)
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